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INFRARED SINGULARITIES OF FERMION PROPAGATOR
AND THEIR CONNECTION WITH THE WILSON LOOP

A.N.Sissakian, N.B.Skachkov, I.L.Solovtsov ' ,
0O.Yu.Shevchenko 2

The factorization of infrared singularities of gauge-invariant spinor
propagator is proved in the framework of QED. It turns out that this
infrared factor coincides with the Wilson loop and accumulates all
the dependence on the form of the path of the initial Green function.

The investigation has been performed at the Laboratory of
Theoretical Physics, JINR.

HudpaxpacHbie 0coOeHHOCTH PepMHOHHOrO NponaraTopa
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Tlokasaa ¢aKTOpH3amMA MHPPAKPACHBIX OCOGEHHOCTEH KalnHOpO-
BOYHO-MHBAapHaHTHOTO CTMHOpHoro mnponaratopa B K. YcraHosie-
HO, YTO NpPH 3TOM HMHGPAKpPaCHBI MHOXHTENb COBMNAAAET C METIeH
BWIbCOHAa M aKKYMYJHpPYET BCIO 3aBHCHMMOCTb OT KOHTYpa MCXOIHOH
¢yHkuu Ipuna.

PaGora pbinosHeHa B Jlaboparopuu TeopeTnueckoit ¢pusuku OUAHN.

The present work is devoted to the study of infrared asymptotics
of a gauge-invariant (GI) spinor Green function. The interest in this
problem comes from the hope that the problem of quark confinement
in the framework of QCD can be solved in this way (see, for instan-
ce /1-4/, and the references, therein). Usually the standard fermion
propagator <0| T (x) y(y) | 0> is studied that, as it is well-known’®’,
is a gauge-dependent quantity. Thus, as it is shown, for example, in 8/,
the infrared asymptotics of such a propagator is defined by the vacuum
average of the path-exponential along the unclosed path.
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At the same time it is known that the infrared behaviour of the
complete fermion propagator essentially depends on the gauge choice.
Thus, for example, in the Abelian case in the class of covariant a-gauges
the fermion propagator has a branch point at p2=m2, which only at a=3
(Soloviev-Yennie gauge) leads to a pole singularity of the propagator.
That is why one can conclude that a consistent study of the gauge-
theories should be done on the basis of the gauge-independent quantities.
In particular, instead of the standard spinor propagator one can consider
a gauge-invariant Green function™*

y -
G%(x,y|C) = ~<0|Ty(x) Pexpi-ie [ az" A, (2) 1 (y) | 0>. (1)

In contradistinction with the standard propagator the Green func-
tion (1) contains the exponential with the path integral taken over the
gauge field along an arbitrary path C that connects the points x and y.
Our aim consists in studing the infrared behaviour of the path-dependent
gauge-invariant propagator (1).

Let us use the representation (1) in a form of the functional integral
over the spinor and vector fields

G(x, yIC) =

- y -
=-[Dly,¥1-DA-y@Fexp i-te [ azka (2) Iy () . 2)
X

Here the integration measure over the gauge field DA includes some
gauge condition

DA =DA - 5(f(A)] (3)
the explicit form of which due to the gauge independence of (1) is not
essential. Performing in (2) the integration over the fermionic fields

we get (with f(A) = 9¥A MES)

det{ }/‘Du— m]

G(x, y|C) =f—DA-8(a“A#) .

y
xexp[ -8 (A)] -G(x,y|A) -expl ~te [ dz"A @],

* We consider QED in Euclidean space-time.
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where S [ A] is the Euclidean action of the free electromagnetic field
S, (Al = & [a%F,, @ FP@®; Dy =3, +ieA,, ie, isa covariant

derivative, and G(x, y|A) is the Green function of the electron in an
external field A w which satisfies the equation

(D, - m)G(x, y|A) =5(x-Y).

In what follows we shall represent the field A# in accordance
with /7 as a sum of slowly and rapidly varying com;)onents A(’}) and
AD . Then in (5) we shall make use of the formula /

D@, (5)

G(x,yIA(°)+ Ay = qax, y\A(l)) exp[ ie {dz A
that is valid in the infrared limit. The integration in (5) is performed
along the piece of the straight line II that connects the points x and y:

I z¢ —xF+s@y-x)F, O<s <l (6)

4 -~
With account of formula (5) and the approximate ralation det (D - mlx
xdet ™1 [0 ~m] = 1, that holds for the infrared limit, it is not difficult
to show that the propagator (4) can be represented as a product of two
factors

T, yl0) =3 0

Here the first factor J (UV-ultravmlet) is the quantum Green function
obtained only with account of the rapidly varying field A(ul) The se-
cond factor JIF (IR — infrared) is obtained with account of slowly va-
rying component A( ) only. It reflects the interaction with the soft
photons and thus contams the infrared singularities. This factor has
the form

0
J.IR ©) [ (u)(z)] ,

.exp[ ~ie 6 dz' A
L

= [DA (8)

0
where 6 dz#A( )(z) is the integral over the closed (in the contradis-

tinction with /6/ path L= C +11 of the form
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It is not difficult to see that the expression (11) is nothing but the
Wilson loop J IR = W(L), where

W(L) =<0|Texpi-ie § dz“-A(g)(z)H 0>. (9)
L

Thus, we have arrived to an interesting conclusion that all the properties
of the infrared behaviour of the gauge-invariant propagator (1) are
accumulated in the Wilson loop (9).

Let us consider, as an example, a particular choice of the path C as
the piece of the straight line from the point x up to the point y*
With such a choice of the path the propagator (1) takes the form

lx, y|C =D =-<0| Ty(x) x

1 -
x explie [da(y -x) VA,, x+aly~x)]- @) ]0>, (10)

]

where the integration in the exponential is performed along the piece of
the straight line ¢ = ny of form (6). It is clear that in this case

y x
ﬁdz“A#(z) - if dz"‘A“(z) +yf dz"-A“ (z) =

so JIR. 1. Thus, additional infrared singularities (like a branch point)
that appear due to the interaction with the soft” photons do not
appear here, and the Fourier transform of the propagator GO, yiC=1)

in the infrared limit has a simple pole Gg@! (liC=0I) ~ w—-—-— This result

P+
exactly agrees with that of the calculation of the infrared asymptotlcs of
the propagator (1) done in/8/,
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¥ With such a choice of the path C the propagator (1) coinsides with the stan-
dard propagator <0|T/(x) /(y) |0> if the fields A, and  are taken in the

x+y

gauge {r - ( )) A#(f) =0, that is a particular case of the Fock gauge (see’%").
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